Abstract I show that Matsumoto conjectured inequality between relative length and Finsler length is false. The incorrectness of the claim is easily inferred from the geometry of the indicatrix.
Introduction
In Finsler geometry we are given a manifold M , and a C 2 positive homogeneous function F : T M \0 → [0, +∞) such that the vertical Hessian
is positive definite, where (x a , y a ) are the canonical coordinates on T M . The indicatrix I x is the locus F (x, y) = 1. Since in this work we are just concerned with the geometry of the indicatrix as an embedded submanifold of V = T x M , we could suppress the variable x from all the next formulas.
The Finsler metric g has a very simple geometrical interpretation in terms of the indicatrix [1] , see Fig. 1 . Namely for
is the osculating ellipsoid to the indicatrix at y ∈ I x . The condition of positive definiteness on g is equivalent to the condition of strong convexity for the indicatrix at every point (strong convexity means that, in affine coordinates on the tangent space, the Taylor expansion of the indicatrix graphing function at every point of the indicatrix has non-trivial second order terms). Clearly there exists a closed convex set B x with strongly convex boundary I x whose osculating ellipsoid E (y) at a point y is not entirely contained in B x . Pick a point ξ ∈ E (y)\B x , then F (x, ξ) > 1 while g ab (x, y)ξ a ξ b = 1, thus defined the relative length (i.e. relative with respect to y) we have |ξ| y < F (x, ξ).
In [2] Matsumoto conjectured that for every ξ, y ∈ T x M \0 the inequality |ξ| y ≥ F (x, ξ) holds true. Our considerations above show that this is not necessarily the case. Of course, a similar argument can be used to show that the inequality |ξ| y ≤ F (x, ξ) for every ξ, y ∈ T x M \0, does not necessarily hold, it is sufficient to consider an indicatrix which admits an osculating ellipsoid which does not fully contain the indicatrix.
